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ABSTRACT

DYNAMIC STORAGE ALLOCATION is the problem of packing
given axis-aligned rectangles into a horizontal strip of mini-
mum height by sliding the rectangles vertically but not hori-
zontally. Where L = LOAD is the maximum sum of heights
of rectangles that intersect any vertical line and OPT is
the minimum height of the enclosing strip, it is obvious that
OPT > LOAD; previous work showed that OPT < 3-LOAD.
We continue the study of the relationship between OPT and
LOAD, proving that OPT = L + O((hmax/L)"/")L, where
hmax 18 the maximum job height. Conversely, we prove that
for any € > 0, there exists a ¢ > 0 such that for all suf-
ficiently large integers hmax, there is a DYNAMIC STORAGE
ALLOCATION instance with maximum job height hmax, max-
imum load at most L, and OPT > L + c(hmax/L)l/HEL7
for infinitely many integers L. En route, we construct sev-
eral new polynomial-time approximation algorithms for Dy-
NAMIC STORAGE ALLOCATION.

Categories and Subject Descriptors

F.2.2 [Analysis of Algorithms and Problem Complex-
ity]: Nonnumerical Algorithms and Problems—Computa-
tions on Discrete Structures

General Terms
Algorithms, Theory

Keywords

Approximation algorithms, Dynamic storage allocation, Po-
lynomial time approximation schemes

1. INTRODUCTION

We study a simple rectangle-packing problem: Given a
set of n isothetic (i.e., axis-parallel) open rectangles in the
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z-y plane, the ith extending from = = z; to x = y; on the
real line and having height h;, slide each rectangle up or
down but not sideways so that (1) each rectangle is a subset
of the positive quadrant, (2) the regions of the plane they
occupy are pairwise disjoint, and (3) the supremum of the
y-coordinates used is minimized. This problem is formally
known as DYNAMIC STORAGE ALLOCATION, for the follow-
ing reason. View a rectangle starting at * = z;, ending at
x = y;, and of height h; as a request for h; contiguous bytes
of storage starting at time z; and ending at time y;. Then
the problem of finding a rectangle placement that minimizes
the supremum of the y-coordinates used is exactly that of
minimizing the number of contiguous bytes needed to satisfy
all memory requests.

Formally, an instance of DYNAMIC STORAGE ALLOCATION
is a set of some number n of jobs, each job i being an open
interval I; = (x;,y;) (for rationals x; < y;), which we assume
without loss of generality is a subset of (0, 1), and a positive
rational height h;. We say job i is lwe at x-coordinate t
(or simply live at t) if t € I;. A feasible solution is an
assignment of a nonnegative real s(i) to each job i such that
if we define S(7) to be the open real interval (s(2), s(z) + h;)
(the region of memory assigned to job i during time period
(xi,v:)), then for all ¢ € (0,1), the jobs i that are live at ¢
have pairwise disjoint S(7)’s. The goal is to minimize the
makespan: max;{s(i) 4+ h;}. By scaling, we will assume that
each h; is integral, in which case it is easy to see that without
loss of generality s(7) is integral too.

DYNAMIC STORAGE ALLOCATION was proven NP-Com-
plete in 1976 by Stockmeyer. (See problem SR2 in Garey
and Johnson [2].) The first polynomial-time, constant-factor
approximation algorithm was given by Kierstead in 1988 [5],
using a reduction from DYNAMIC STORAGE ALLOCATION to
on-line coloring of interval graphs discovered by Woodall
in 1973 [7] and independently by Chrobak and Slusarek in
1988 [1]. Kierstead’s algorithm is an 80-approximation al-
gorithm. Kierstead [6] later exhibited a 6-approximation
algorithm for DYNAMIC STORAGE ALLOCATION. The next
improvements were 5- and 3-approximation algorithms by
Gergov [3, 4]. Neither of Gergov’s two algorithms uses the
Woodall-Chrobak-Slusarek reduction.

Define OPT to be the optimal makespan for a given in-
stance. The load L(t) at (x-coordinate) t is the sum of h;
over all jobs i that are live at t. The mazimum load LOAD
(also L) is the maximum over all ¢ of the load at t. LOAD is
a trivial lower bound on OPT. When all heights are equal,



Figure 1: An optimal packing for the jobs (in the
form (:El:yl:hl)) A= (07173)’ B = (07371)7 C= (17272)’
D=(1,41), E = (2,3,1), F = (2,5,1), G = (3,4,2), and
H = (4,5,3). The shaded region is a gap. In this
example, LOAD =4, but OPT =5.

OPT = LOAD, and an optimal solution can be found via
interval graph coloring. In general, however, OPT need not
equal LOAD, as exemplified by Figure 1.

All four of the algorithms mentioned above actually find
packings of makespan at most ¢ times LOAD, not just ¢
times OPT, for the respective ¢ (80, 6, 5 or 3). We fur-
ther study the relationship between OPT and LOAD in
DYNAMIC STORAGE ALLOCATION, providing new upper and
lower bounds on the gap between them; all of our upper
bounds are expressed algorithmically. Recall L = LOAD;
denote the maximum job height by Amax and the minimum
job height by hmin. Our main results are as follows.

1. We devise an algorithm that yields makespan (1 +
O((hmax/L)* ™))L, which is L + o(L) when hmax =
o(L). When hmax is bounded by a constant, we im-
prove the makespan bound to (1+0(((1g> L)/L)"/*))L.
Note that the case hAmax = 0(L) does not subsume that
of hmax’s being a constant, because, e.g., L might itself
be bounded by a constant.

No result of the form OPT < L+o(L) is possible in the
general case, since one can “scale up” the heights in
the example of Figure 1 to get L = 4k and OPT = 5k
for any positive integer k.

2. For any € > 0, there exists a ¢ > 0 such that for all
sufficiently large constants hmax, there is a DYNAMIC
STORAGE ALLOCATION instance with maximum job
height hmax, maximum load at most L, and OPT >
(1 + c(hmax/L)'/*T€) L, for infinitely many integers L.
This is the first non-trivial lower bound to include the
case when hmax is bounded by a constant.

This lower bound shows that our upper bounds in (1)
are optimal up to the exact powers of hmax/L. In
particular, the “1/7” in the general upper bound (and
the “1/4” in the bounded-hmax upper bound) cannot
be replaced by any real greater than 1/2.

We also give the following corollaries to our main results.

1. For all € > 0, we give polynomial-time, (2 + €)-approx-
imation algorithms.

2. We give polynomial-time approximation schemes for
the following cases:

(a) hmax = o(L);
(b) hmax is bounded by a constant.

Finally, using straightforward dynamic programming, we
give a PTAS when hmin = Q(Llglgn/lgn) and an exact,
polynomial-time solution when L = O(Ign/lglgn).

We begin in Section 2 by introducing our main tool: box-
ing jobs into larger rectangles so that the total wasted space
in the rectangles remains small. Along with some results for
simple cases (small load and large jobs) described in Section
3, we use boxing to devise our algorithms for bounded-height
jobs (Section 4) and finally for the remaining cases (Section
5). We present the lower bound in Section 6.

2. BOXING JOBS

Let Y be any set of jobs and ¢ be any z-coordinate. Ly ()
denotes the load of the jobs in Y that are live at t.

To boz a set Y of jobs means to place the jobs into a
box b of minimum z-coordinate z, = min{z; : j € Y},
maximum z-coordinate y, = max{y; : j € Y}, and height
hy > > icy hj. A boring of a set Y into a set B of boxes is a
partition of Y into at most | B| subsets, each of which is then
boxed into a distinct box b € B. The boxes can be viewed
as jobs in a modified instance. Then Lp (resp., Lp(t)) is
well defined to mean the load of the bozes (resp., at t). In
particular, any unused space in a box still counts toward the
load contributed by that box. All of the boxing procedures
that follow run in polynomial time.

LEMMA 1. Given a set Y of unit-height jobs, all live at
some fized x-coordinate t, an integer box-height parameter
H, and a sufficiently small € > 0, there exist a subset Y' of
Y, |Y —Y'| <2H[1/€*], a set B of bozes, each of height H,
and a boxing of Y' into B such that at any x-coordinate u,

Lp(u) < Ly (u) + 4€Ly (u).

PROOF. It is convenient to view each job beginning at x
and ending at y as a point (z,y), as depicted in Figure 2(a)—
(b). Now partition the jobs of Y into strips, as exemplified
by Figure 2(c). The first two strips are defined as follows.

e Create a vertical strip consisting of the H[1/¢®] jobs
with the earliest starting z-coordinates (or fewer if
there are not enough jobs).

e If any jobs remain, create a horizontal strip consisting
of the H[1/€*] jobs that remain with the latest ending
z-coordinates (or fewer if not enough jobs remain).

Define Y’ to be the set of all jobs not in the first vertical
or first horizontal strip. Obviously, |V — Y'| < 2H[1/€*].
Now partition the jobs of Y into strips as follows. As long
as there are jobs remaining, repeat the following.

e Create a vertical strip consisting of the H[1/e] jobs
that remain with the earliest starting z-coordinates
(or fewer if there are not enough jobs left).

e If any jobs remain, create a horizontal strip consisting
of the H[1/€] jobs that remain with the latest ending
z-coordinates (or fewer if not enough jobs remain).

Now, for every vertical strip of Y’, take the jobs in order
of decreasing ending z-coordinate, in groups of size H (the
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Figure 2: (a) Four jobs. (b) The jobs of (a) viewed as (z,y) points. Note that all jobs are above the z =y
diagonal. (c) Stripping a set of jobs with H = 2 and ¢ = .5. The rectangle R, defines the set Y of jobs. The
first (leftmost) vertical and (topmost) horizontal strips contains H[1/¢’] = 8 jobs. The remaining jobs, which
comprise V', are shown in the bold sub-rectangle. Y’ is partitioned into strips containing H[1/¢] = 4 jobs
each. Within each strip of 4 jobs in Y', the jobs are grouped (dotted lines) into groups of height H = 2. The

groups that intersect the line r = u are shaded.

last group of the last strip possibly smaller), and box them.
Similarly, for every horizontal strip of Y', take the jobs in
order of increasing starting z-coordinate, in groups of size
H (the last group of the last strip possibly smaller), and box
them.

We now analyze the construction using Figure 2(c). For
all reals u, the jobs live at u correspond to the rectangle
R, = {(z,y) : * < u < y}. The fact that the jobs in ¥
are all live at ¢ means that all the corresponding vertices are
inside the rectangle R;.

A box (other than a last box) corresponds to a group of
exactly H jobs. If they are all live at u, then these jobs
contribute exactly H to Ly (u), because each job has unit
height, and the box contributes exactly H to Lp(u). If none
of them is live at u, then they contribute 0 to Ly (u), and
the box contributes 0 to Lz (u). The troublesome case is the
one in which some but not all of the jobs are live at u, since
the jobs may contribute as little as 1 to Ly (u), while the
box still contributes H to Lp(u).

Assume without loss of generality that u < ¢. Then the
troublesome case corresponds to groups of jobs whose ver-
tices are on both sides of the line x = u. By construction,
this can happen to at most one group in each horizontal strip
of Y'. (Recall that points in a horizontal strip are grouped
in order of increasing z-coordinates.) Moreover, this can
happen to groups inside at most one vertical strip of Y.

Notice that if the line z = wu intersects, say, k horizontal
strips of Y, then the rectangle R, entirely contains at least
k — 1 vertical strips of Y'. (In fact, in the current case,
R, entirely contains at least k vertical strips of Y'. In the
symmetric case, when ¢t < u, the number is £ —1. We argue
without loss of generality.)

If the rectangle R, does not contain any job of Y, then
the lemma trivially holds. Otherwise, R, must contain all
the jobs in the (only) vertical strip of Y —Y”, which number
H[1/€.

Observe that
Lp(u) — Ly (u) <kH + H[1/€e] + H, (1)

where the first term accounts for the groups in the k hori-
zontal strips that are intersected by z = u, the second term
accounts for the groups in the single vertical strip that is
intersected by x = u, and the third term accounts for (pos-
sibly) the last group of the last strip. But

Ly (u) > H[1/€*] + max{k — 1,0} - H[1/€],  (2)

where the first term accounts for the vertical strip of Y — Y’
and the second term accounts for the max{k — 1,0} vertical
strips of Y’ that are contained in the rectangle R,.

Now observe that

kH + H[1/e] + H < (k — 1)H + H/e + 3H; (3)
H/e+3H < He(3/e +1/€*) < He(4/€%)
< (4)[H[1/€"T]; (4)

(k—1)H < emax{k —1,0} - H[1/€]
< (4e)max{k — 1,0} - H[1/e]l.  (5)
Combining equations (1)—(5) yields
Lg(u) — Ly (u) < 4eLy(u). W
We call the jobs in Y — Y’ unresolved jobs.
2.1 Boxing Over All Times

We bootstrap Lemma 1 so that we can box all the jobs, not
just those live at a particular, fixed z-coordinate, with just a
small amount of wasted space. Our main technical result is
particularly interesting when L > (Hlg H)lg(1/¢)/e*. We
use this theorem in the following sections to devise approx-
imation schemes for DYNAMIC STORAGE ALLOCATION.

THEOREM 2. Given a set Z of jobs, each of height 1, an
integer box-height parameter H, and a sufficiently small



positive €, there exist a set B of bozes, each of height H,

and a bozing of Z into B such that for all x-coordinates t,
HlgH 1

Lp(t) < (1+46)Ly(t)+ O ( 5 Ig -) .

€

PrOOF. We are going to apply Lemma 1 many times,
boxing the unresolved jobs into additional boxes as we go
along. Our general goal is to keep the wasted load (free
space) in those additional boxes small at any z-coordinate.
We use the following recursive method. Given are

e A set X of jobs and an open bounding interval I, such
that Vj € X, I; C 1.

e A nonempty finite set of critical x-coordinates T =
{ian =t <t1 < < tg <tgy1 = SllpI} clu
{inf I,sup I'}.

e A set F of free spaces. Each free space is an open
sub-interval of I of height 1 having endpoints in T.
Any free space f € F is called spanning if f = I and
non-spanning otherwise.

Initially, X = Z, I = (0,1), T = {0,¢,1} for some arbitrary
z-coordinate t at which some job from Z is live, and F = ().
Recall that I; = (z;,y;) denotes the interval of job j. With
the help of T', define partition

X=(RURU--UR)U(XoUX, U UX,),

as follows. (See Figure 3.) First define X; = {j € X : I; C
(tistiv1)} for 0 < j <gq.

Then define the R;’s recursively. Define X' = X \ (X, U
X1U---UX,). Note that ¢ > 1. Define Ry o1 = {j € X":
trq/21 € Ij}. Define P to be the set of remaining jobs j of X'
with y; < tr4/21, and define @) to be the set of remaining jobs
j of X" with t[y/2) < ;. If P # 0, recursively partition P
using {t1,t2,...,¢14/21—1}. Afterward, if Q # 0, recursively
partition Q using {trq/21+1,t[¢/2742,- - > tq}-

Now to each X; associate a set F; of intervals (free spaces),
initially empty. As sections of free spaces in F' are used to
box jobs in the R;’s, the unused fragments will be deposited
into the appropriate F;’s for use deeper in the recursion (to
box jobs in the X;’s).

To box the jobs in the R;’s, first apply Lemma 1 to each
R;, 1 <1 < g, in any order; note that all jobs in R; are live
at t;. For each 4, this boxes all the jobs of R; except for at
most 2H[1/¢*] unresolved jobs. Now consider the set U of
all the unresolved jobs from all the R;’s. Derive an optimal
packing of U using interval graph coloring. (Recall that all
jobs are of height one.) This packing has makespan Ly .

Let s(F') denote the subset of spanning free spaces of F.
If |s(F)| < Lu, create [(Ly — |s(F)|)/H| boxes of height H
and horizontal extent I. This yields H[(Ly — |s(F)|)/H]
new spanning free spaces; add them to F. Now there are
at least as many spanning free spaces in F' as rows of the
packing of U.

For each 1 < j < Ly, remove one spanning free space from
F, and use it to place all the jobs in row j of the packing.
This creates gaps, or unused portions, in the original free
space, each of the form [a, 8] where for some i,5: t; < a <
tiv1 and t; < B < tj41; recall that to = inf I and ty41 =
sup I. For each such [a, 3], if i # j then split [a, 8] into
(o, tit1), (titr,tige), ..., (tj-1,t5), (t;, B); and add (@, tit1)
to Fi, (tit1,tit2) to Fiy1, ..., (tj-1,t;) to Fj_1, and (t;,5)
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to Fj. Otherwise (i = j), simply deposit (e, 3) into F;. This
fragments the gaps.

Now all the jobs in all the R;’s are boxed. Consider the
unused free spaces in F', if any. Each is of the form (¢;, ¢;) for
some i # j. Split each such (¢;,¢;) into (¢;, tit1), (bit1,tit2),

ooy (tj—1,t5). Add (ts,ti1) to Fi, (tit1,ti+2) to Fiqq, ...,
and (tj—1,tj) to Fj_i. This passes down the remaining un-
used free spaces to the sub-problems.

In parallel for each £ =0,1,2,...,q, if X; # 0, recursively
apply the construction with new X «+ X, new free space set
F «+ F;, new bounding interval I < (t¢,t¢+1), and new crit-
ical z-coordinate set T' < {endpoints of elements of F;} U
{ts,te+1}. Note that this preserves the invariant that the
endpoints of intervals in F' are in T for each recursive sub-
problem. Also note that the unused free spaces passed down
span their entire respective boundary intervals, whereas the
gaps that were fragmented need not do so. This completes
the construction.

2.1.1 Analysis

Fix a real u. (Recall that to prove Theorem 2 we want to
bound the load of the boxes at any z-coordinate u in terms of
the load of the original jobs at u.) For any m, define I,,(u)
to be the bounding interval of the depth-m recursive call
whose bounding interval contains z-coordinate u. Similarly
define T}, (u) to be the set of critical z-coordinates, pm, (u) =
|T (u)|, and U (u) to be the set of unresolved jobs from
all the R;’s in that same depth-m recursive call. Define
Fp,(u) to be the set of free spaces during the same depth-
m recursive call, and note that this set changes during that
procedure. Figure 3, for example, depicts for some m a piece
of the depth-m stage of the recursion; i.e., I, (u) = (to,t4)
for u € (to,ts). The jobs in each X; will form the set of jobs
for each sub-problem at depth m+1; i.e., Im+1(u) = (to,t1)
for u € (to,t1), Im+1(u) = (t1,t2) for u € (t1,t2), etc.

LEMMA 3. For all m, pm+1(u) < 2H[1/e*]1g(pm(u) +
Dl+2

PRrROOF. Note that po(u) = 3. In the depth-m recur-
sive call, the definition of the R;’s implies that the num-
ber of R;’s containing jobs with endpoints in Ipyi(u) is
at most [lg(pm(u) + 1)]. (The process of repeatedly look-
ing at the middle index resembles binary search, and the
worst-case running time of binary search on a list of length
pis [lg(p + 1)].) For each such R;, Lemma 1 is applied,
and each application yields at most 2H[1/¢*] unresolved
jobs. Each unresolved job contributes at most one new end-
point and hence at most one critical z-coordinate to each
of two different intervals I,;,+1(-). The total number of crit-
ical z-coordinates contributed to Ipm+i(u) is thus at most
2H[1/e*1Mlg(pm (u) + 1)] + 2, where the “+2” comes from
the endpoints inf I, 41 (u) and sup In+i1(uw). W

COROLLARY 4. For allm, pm(u) = O (252 1g 1).

PrOOF SKETCH. If ayy+1 < klgay,, for all m, and ap <
3klgk, then a,, < 3klgk for all m, a fact that is easily
proven by induction on m. H

Let P denote the upper bound of the corollary. For all
m, the number of critical z-coordinates in the subproblem
defined by bounding interval I,,(u) is at most P. Let fn, (u)
denote the number of free spaces in Fy,(u) at the beginning
of that recursive call, and let f,,(u) denote the number of



Figure 3: A set of jobs (solid rectangles) partitioned into subsets (dashed rectangles) X; and R; using critical

z-coordinates to, ..., t4.

free spaces in F,(u) at the end of that recursive call. In
an abuse of notation, let L, (u) denote the load of Uy, (u),
the set of unresolved jobs from all the R;’s in the depth-m
recursive call over bounding interval I,,(u).

LeEMMA 5. For all m, L (u) < 2H[1/e2lg(P + 1)].

PROOF. As above, no more than [lg(P +1)] R;’s include
jobs that contain ' for any u' € I,,,(u). By Lemma 1 each
such R; contributes at most 2H[1/¢®] unresolved jobs to
Un(u). N

COROLLARY 6. For all m, fh,(u) < fm(u) + 2H[1/e*] -
[lg(P +1)].

PrROOF. Boxing the unresolved jobs in the depth-m re-
cursive call requires creating at most [ L, (u)/H| new boxes
of height H, which adds at most H[Ly,(u)/H] new (span-
ning) free spaces to Fp,(u), after which free spaces are only
removed from F,,(u). Lemma 5 completes the proof. W

LEMMA 7. For all m:
(1) fm+1(w) < fin(u) + 2H[1/€21[Ig(P +1)].
(2) If frm(u) > 4H[1/*|[Ig(P+1)], then fmi1(u) < fou(u).

ProoF. (1) follows from Corollary 6 and the fact that
the fragmented gaps from any used spanning free space of
F,,(u) are distributed to distinct subproblems.

(2). The free spaces of Fp,(u) at the beginning of the
depth-m recursive call come from two sources.

1. Unused free spaces of Fy,—1(u) that were passed down;
as noted above, they yield spanning free spaces of
F (u), i.e., free spaces that span the entire interval
I (u).

Fragmented free spaces obtained during the depth-
(m — 1) recursive call by placing an unresolved job in
a free space of Fi,,—1(u). Lemma 5 implies that there
are at most 2H[1/e*][lg(P + 1)] such spaces.

Assume f,(u) > 4H[1/e*|[lg(P + 1)]. The number of
spanning free spaces is the total number of free spaces mi-
nus the number of non-spanning free spaces. Because there
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are at most 2H[1/e*][lg(P + 1)] non-spanning free spaces,
F,, (u) starts with at least

4H[1/eNig(P + 1)] — 2H[1/€*[Ig(P + 1)] =
2HT1/e1[Ig(P + 1)]

spanning free spaces. When the unresolved jobs are boxed
during the depth-m recursive call, enough spanning free
spaces remain to fit all the unresolved jobs (again by Lemma
5), so no new free spaces are created. Thus, fm4+1(u) <

frm(u). W
COROLLARY 8. For allm, fn(u) =0 (H—:Eﬂ Igl).

Proor. Follows from Corollary 4 and Lemma 7. W

COROLLARY 9. For all m, f,(u) =0 (252 1g ).

Proor. Follows from Corollaries 4, 6, and 8. M

We can now finish the proof of Theorem 2. Consider any
x-coordinate u, and let m’ denote the greatest depth of the
recursion for which there existed an I,/ (u). Of the jobs in
Z that are live at u, let Zr denote those that are resolved
during applications of Lemma 1, and let Z;; denote the rest.
The load at u of the boxes used to resolve jobs in Zg is at
most Lz (u) + 4eLz(u), by Lemma 1. The load at u of the
boxes used to place jobs in Zy is Lz, (u) + f1,/(u), because
jobs in Zp are only placed into free spaces in the various
F»(u)’s, and unused free spaces containing u in F, (u) for
any 0 < m < m' are inherited by Fy,+1(u). Therefore, using
Corollary 9 and the fact that Lz (u) = Lz, (u)+ Lz, (u), the
total storage allocated at z-coordinate u does not exceed

[LZR (u) + 4eLz (u)] + [LZU (u) + fro (u)] =

High | 1 ) .
3. DYNAMIC PROGRAMMING

2

In addition to boxing, our later results use the following
results based on dynamic programming to solve simple cases.
Proofs of Theorems 10 and 12 are given in the appendix;
Corollary 11 follows trivially.

(144€)Lz(u) + O (



THEOREM 10. The optimal makespan can be determined
in O(poly(n)(3L)*Lh) time.

COROLLARY 11. DYNAMIC STORAGE ALLOCATION can be
solved in polynomial time when L = O(lgn/lglgn).

THEOREM 12. Let C' be a positive real and let @« = a(n)
be a positive function of n such that for all sufficiently large
n, a(n) > 1glgn/(Clgn). There is a PTAS for the special
case of DYNAMIC STORAGE ALLOCATION in which hmin/L >
a(n).

4. ALGORITHM FORBOUNDED-HEIGHT
JOBS

Let X be the set of all jobs and € be a sufficiently small
positive real. Recall that L is a trivial lower bound to
OPT. 1If all the jobs have the same height h; = h, then
the problem reduces to interval graph coloring and can be
solved optimally in a greedy fashion; furthermore, OPT = L.
Our algorithm will be a reduction to this simple case. Let
H = hmax[1/€], and assume that the maximum height of a
job, hmax, is a constant.

Algorithm:

L If L <C%lg” L, for some C to be determined later,
apply Corollary 11 and halt.

2. For each h =1,2,3,..., hmax:
Let X} denote the set of jobs of height h. Let Hj, =
|H/h|h.
Scale each job and Hj down by a factor of h, apply
Theorem 2 with box-height parameter | H/h| and the
same €, and then scale the jobs back up by the same
factor h.

3. Enlarge the boxes so that they all have height exactly
H. Call the new set of boxes B'.

4. Apply the greedy algorithm for interval graph coloring
to B'.
THEOREM 13. Let hmax be a constant. For any suffi-

ciently small positive €, the makespan of the packing pro-
duced by the algorithm is at most (1 + 15¢) OPT.

PrROOF. Assume for now that the algorithm does not stop
in step (1). We argue for all t£. By Theorem 2, step (2)
produces a boxing B, of the jobs of X}, into boxes of height
Hj, such that

La, (t) < (14+4¢)Lx, () + O (612 . % (lg %) lg %) h. (6)

(The final h comes from the scaling back up at the end of
step (2); we have applied the theorem to jobs of height 1
with box-height parameter there equal to |H/h| = Hp/h.)
Let B=B1UByU---UBy,,... Adding equation (6) yields

ngng _)
€

Enlarging the boxes increases them by at most a factor of
1/(1 —€). Altogether, makespan = max; Lp(t)

((1 +4e)Lx (t) + O (h‘“a* Hi% g 1) )]

€
< ngH

i51).

Lp(t) < (1+4e)Lx(t)+ O (hmax

1
< max

1+ 4e

— €

+——0

mtaxLx() T
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Therefore,

makespan < 1+ 46L +0 ( max—ngQH lg 1) (7)
€
< 1+ 4e <hmaleng 1)
1—e€ €2 €

Choose C so that the error term O (hmaxH—ﬁﬂ lg %) < eL;
note that this is possible under the assumptions that L >
CE% lg2 %, hmax is a constant, and H = hmax[1/€]. If L <
CZ1g” 1, then the algorithm stops in step (1), and Theorem
10 applies. Otherwise, it follows that makespan < (1 +
15¢) OPT, because L < OPT. W

THEOREM 14. If hmax is bounded by a universal constant,
then the makespan of the packing is (1+0(((1g*> L)/L)"/*))L.

PROOF. Set € = +/Ig L/L1/4, and run the algorithm start-
ing in step (2). The claim follows from inequality (7). MW

S. ALGORITHMS FOR LARGER JOBS

From Theorem 2, we can prove the following corollary.

COROLLARY 15. Let H be a positive integer box-height
parameter and € > 0 be a sufficiently small error parameter.
Given a set Z of jobs, each of height between hmin and eH,
there exist a set B of bozes, each of height H, and a bozring
of Z into B such that for all x-coordinates t,

Le(t) < (14 9)Ls(t) + O <%) .

PRrROOF. We construct such a boxing. First, round the job
heights: each height h is rounded up to [(1 +¢€)‘], where i
is defined by (1 +¢)'™' < h < (1 +¢€)". Let Y denote the
resulting set of rounded jobs.

Now, partition the jobs according to their heights. For
each rounded height h, let Y}, denote the set of jobs of height
h. Divide the heights of all jobs in Y}, by h; apply Theorem 2
with box-height parameter | H/h|; and then multiply all box
heights by h to get a set By, of boxes of height at most H.
The output is a set B = |J,, B of boxes, which we can
assume are all of height H.

Let us analyze this construction. There are approximately
log(y o) (€H/hmin) = O(lg(H/hmin)/¢) parts in the partition.
Applying Theorem 2 to Y}, yields

Vt, L, (t) < (1+46)Lyh(t)+0( p M IELHI %)

< (1449 Ly, () + 0 (%)

because hmin < h and lg(1/e) < 1/e. Summing over h, we
get
H1g*(H/hmin
Vt, Lu(t) < (1+46)Ly () + O (%) .
Since rounding increased heights by a factor of 1 + € at
most, we have Ly (t) < (14+¢€)Lz(t). Since (1+¢€)(1+4¢) <

1+ 9¢ for € < 1, the corollary follows. W
We are now ready to prove our main theorem.

THEOREM 16. Let e € (0,1]. There exist a constant ¢ and
a polynomaial-time algorithm that takes € and an arbitrary



set X of jobs as input and produces a feasible solution to
DYNAMIC STORAGE ALLOCATION on X with makespan at
most (14 ce)L + O(hmax/€%).

Proor. It suffices to prove the theorem for ¢ < €y for
some small, positive €g, for the following reason. Suppose
for all ¢ < ep we get a makespan bound of (1 + coe)L +
¢1(hmax/€®) for some constants co and ci. Then for ¢ €
(€0, 1] we simply use (1 + coeo)L + clhmax/eg < (1+4coe)L+
(cl/eg)hmax/ee. Similarly, by reducing € by a factor of at
most two, we may assume that 1/e € Z.

We are going to apply Corollary 15 repeatedly, boxing the
smallest jobs so as to increase the minimum job height Amin
until it gets close enough to the maximum job height hmax
that we can finish with a last application of Corollary 15.

We argue for all ¢. Let r denote the ratio hAmax/Rmin,
and recall that L = Lx. Assume first that lg2r > 1/,
and set u = ¢/lg>r and H = [p®hmax/lg”r]. Consider the
partition X = X, U X/, where X, denotes the jobs of height
at most pH and X, = X \ X;. Now apply Corollary 15
to X, with box-height parameter H and error parameter p.
This yields a set B; of boxes of height H into which the jobs
of X fit such that for some constants c» and cs,

Lg,(t) < (14 9u)Lx,(t) + O <%)

(1 +9pu)Lx, () + copphmax
Lx, (t) + capL(t)
Lx, (t) + (cae/1g° r)L(t).

INIA

Xs
Xs

Now consider B, as a set of jobs and the revised problem
on X' = B, U X,. For this new problem, the load L'(¢) is
at most (1 + cae/lg”r)L(t). Moreover, the new minimum
height h.,;, is at least pH, and the maximum height remains
at most Amax, SO we get the new ratio

! hmax hmax < hmax
LW T i hmax /182 1] — Ohmax/ 18
min :u’|—lu’ max/ g 1"] M max/ g r
_ lg2 ro lg14r
- u6 T 6
< lg% .

Recall that the above construction was conditioned on
lgr > 1/e. For e sufficiently small, this implies 1g*®r <
/7 and hence that ' < /r and also lg”r’ < lg\/r <

(1/4)1g”r.
Iterate the above boxing of small jobs, each time using
new error parameter y' = ¢/lg®r’, until it yields a prob-

lem X* with minimum job height h},;, for which the ratio
7" = Bmax/hi, 1S such that lg2 r* < 1/e. Since the ratio
decreases by at least a square root each time, this process
terminates in polynomial time.

Let (ro,...,m7p = r*) be the sequence of ratios, and let
(Lo(t), ..., Lp(t) = L*(t)) be the sequence of loads. For 0 <
i < p we know that

Liy1(t) < (14 ¢3¢/ lg2 ri)Li(t);
lg2 riq1 < (1/4) lg2 ri.

(8)
(9)
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For some constant c4, we therefore get

p—1

L (t) < Lo(t) [T (1 + ese/ 187 i), by (8)

=0

< Lo(t) exp (Z(cse/ g’ m)

by (9)

because lg®r, 1 > 1/e

< Lo(t) exp(cae/ 1g” rp1),
< Lo(t) exp(caé?),

< (14 2ca€®)Lo(t), for e sufficiently small.

Now apply Corollary 15 to all of X* with box-height param-
eter H = hmax/€ (recall that 1/¢ € Z) and error parameter
€; this is the “last application” of Corollary 15 to which we
alluded earlier. For some constant c, this yields a final set
X7 of jobs of identical height H and with load

LY(t) = (1+9e)L° (t) + O (%)

< (1+9€)(1 + 2¢4€’) Lo(t) + O (%)

e

< (1+cO)Lo(t) + O <M) .

€d

Noting that Ig? 7* < 1/e and Ig?(1/€) < 1/e for e sufficiently
small, we derive Ig”(r*/¢) < 4/¢. Therefore

LY (t) < (14 ce)Lo(t) + O(hmax/e®). W

COROLLARY 17. There exists a polynomial-time algorithm
that takes an arbitrary set X of jobs as input and produces a
feasible solution to DYNAMIC STORAGE ALLOCATION on X
with makespan at most (1 + O((hmax/L)"/7))L.

PROOF. Apply Thm. 16 to X with € = (hmax/L)"/7. W

COROLLARY 18. Fiz some function f(m) = o(m). Then
there is a PTAS for DYNAMIC STORAGE ALLOCATION when
hmax < f(L).

PrOOF. Given e > 0, there is an Lo such that f(L) < 'L
for all L > Lo. If L < Lo, use the dynamic program of
Theorem 10. If L > Lo, then

hmax < f(L) < €' L.

Apply the algorithm of Theorem 16. The error term of The-
orem 16 is O(hmax/€®) < ¢'eL for some constant ¢’. Hence
the makespan of the schedule is at most (1+ (c+c')e)L. W

THEOREM 19. For all € > 0, there exists a polynomial-
time (2+¢€)-approzimation algorithm for DYNAMIC STORAGE
ALLOCATION.

Proor. Consider some small positive d to be determined.
Let X = X, U X/, where X is the set of jobs of height less
than 6L and X; = X\ X;. Use Theorem 16 with error
parameter J to pack the jobs in X, yielding a (1 + ¢'§)-
approximation for some constant ¢’. Apply the (1 + §)-
approximation algorithm implied by Theorem 12 with the
same ¢ to pack the jobs in X, which is possible because the
load divided by the minimum height is at most 1/6”, which
is certainly at most C'lgn/lglgn for C = 1/§7; this yields
a (1+6) approximation. Choose § so that 6(¢' +1) =¢. H



6. LOWER BOUNDS FOR OPT - LOAD

Fix a positive integer d. Given a bipartite multigraph
G=(X,Y,E), X =Y ={1,2,...,n}, build an instance of
DYNAMIC STORAGE ALLOCATION as follows. Start with n
rectangles of height d, with z; =0, y; =i, fori =1,2,... n,
and then add n more rectangles of height d, with z; = 3n—1,
yi = 3n, for i =1,2,...,n. Call these 2n items d-items. For
each e = (j,k) € E (remembering that E is a multiset),
1 < j,k < n, add one item of height 1 having z; = j,
yi = 3n — k. Call these jobs I-items. These are all the jobs.
Call the instance I.

LEMMA 20. If G is d-regular, then Li(t) < dn for all
t € (0,3n).

PRrROOF. For any non-integer ¢ € [n, 2n], the statement of
the lemma is obvious, since the set of jobs that intersect
(n,2n) is the set of all 1-items, that set has size dn, and
each such job has height 1.

For any non-integer ¢t € [0,n], let j = [t]. Crossing ¢
are n — j d-items (these jobs have z; = 0) and dj 1-items
(these have z; € {1,2,...,5}), because G is d-regular, and
no others. Hence the load at tis (n — j) - d + (dj) - 1 = dn.

For a non-integer ¢ € [2n, 3n], the argument is symmetric
to the case of t € [0, n].

For any integer t € (0,3n), L;(-) achieves a local minimum
att. W

LEMMA 21. For any positive integers n, d, f, and s <
%, there is a d-reqular bipartite multigraph (X,Y, E)
with X =Y = {1,...,n} such that for any subsets X' of s
consecutive vertices from X and Y’ of s consecutive vertices
from Y, the number of edges induced by X' UY"' is smaller
than f.

ProoF. Consider the following probability space of n-
vertex-by-n-vertex d-regular bipartite multigraphs. Choose
d independent permutations 7 of {1,...,n}; for each, add
edges between i € X and n(i) € Y for 1 < i < n. We will
show that the probability that a graph not of the claimed
structure exists is less than 1; the claim then follows. Con-
sider such a graph G = (X,Y, E). There are some j and k
such that X' = {j,...,j+s—-1} C X, V' = {k,....k +
s — 1} C Y, and the subgraph induced by X’ UY' has
at least f edges. Consider any f such edges and fix an
arbitrary order of them; this forms a sequence of edges
F = ((u1,v1),...,(us,v5)) where each u; € X' and each
v; € Y'. There are no more than n? choices for the pair (j, k)
and no more than s>/ possible sequences F. The probability
that any particular edge exists is at most d/n. By the union
bound, the probability that G exists is therefore no more
than P = n’s*/(d/n)’. Simple algebra yields P < 1 when
s < % |

THEOREM 22. For all positive integers n and d, there is
an instance of DYNAMIC STORAGE ALLOCATION with mazi-
mum job height d, L(t) < dn for all t, and OPT— LOAD >

nl/2-1/1d/2]

12vd

PRrROOF. Let G = (X,Y, E) be a d-regular bipartite multi-
graph such that |X| = |Y| = n. Build the instance I asso-
ciated with G, as above, with 2n d-items and dn 1-items.
Lemma 20 shows that the load is at most dn everywhere.
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Assume an optimal solution, and denote by Z the region
defined by the isothetic bounding box of the d-items. Z is
the rectangle [0, 3n] X [min, max], where min is the minimum
y-coordinate of the bottoms of the 2n d-items and max is
the maximum y-coordinate of the tops of the 2n d-items.
Define Z' to be the set of 1-items placed outside Z. Because
max —min > dn and the load is at most dn everywhere, it
follows that the load of Z' lower bounds OPT — LOAD and
that the area of the jobs in Z’ lower bounds the empty space
inside Z.

Now, for any positive real s < n, assume that fewer than
s/12 1-items are placed outside Z and also that max — min <
dn + s/12. The area of Z is thus (max —min)(3n) < (dn +
s/12)(3n). The total area of all the jobs is (dn)(3n). There-
fore, if all the jobs were placed in Z, the empty space in Z
would be at most (s/12)(3n). For each job placed outside
Z, the empty space inside Z grows by at most 3n. The total
empty space inside Z is thus less than 2(s/12)(3n) = sn/2.

Consider a d-item to be comprised of d unit-height rows,
which are placed contiguously in the plane. Define the left
(resp., right) d-items to be those whose left (resp., right) end-
points are 0 (resp., 3n). Call region (3n —1,3n) x (k,k+1)
for any integer k € [min, max —1] a right gap if it is unoccu-
pied by every right d-item. Clearly OPT— LOAD is at least
the number of right gaps, so we may assume this number is
less than n/2. It follows that at least n/2 left d-items are
adjacent to no right gaps; i.e., for each such left d-item x,
there is a row of some right d-item to the right of each one
of x’s d rows. Call these the good left d-items.

For any left d-item .J, define its neighbor right d-items
to be the (at most two) right d-items whose y-coordinates
overlap with J, and call the actual rows of those neighbors
that occupy the same y-coordinates as J its neighbor right
rows. Because there are at least n/2 good left d-items and
the total empty space inside Z is less than sn/2, it follows
that there is at least one good left d-item .J such that the
empty space between it and its neighbor right rows is less
than s. Because s < n, there is some l-item z placed be-
tween each row of J and the corresponding neighbor right
row; furthermore, the left endpoint of x is within s —1 of the
right endpoint of J, and the right endpoint of z is within
s—1 of the left endpoint of the corresponding neighbor right
row. For one of the at most two neighbor right d-items K of
J, there are at least [d/2] neighbor right rows of .J belonging
to K. In G, therefore, there are subsets of |s| consecutive
vertices of X (starting at vertex j € X, where j is the right
endpoint of J) and |s] consecutive vertices of ¥ (starting
at vertex k — |s] + 1 € Y, where k is the left endpoint of
K) with at least [d/2] edges between them, corresponding
to these 1-i1t}32r£1§”d/21

If s < 2——— Lemma 21 (with f = [d/2]) shows
that there is some G’ without such a window of edges. By
contradiction, therefore, for any such G’ there must be at
least s/12 1-items placed outside Z, or else max —min >
s/12; in either case, OPT — LOAD > s/12. The theorem

. 1/2=1/[d/2]
follows by choosing s = ~———

OPT — LOAD > [s/12].
COROLLARY 23. For any € > 0, there exist ¢,d > 0 such
that for all sufficiently large integers L, there exists an in-

stance of DYNAMIC STORAGE ALLOCATION with mazimum
job height d, L(t) < L for allt, and OPT—LOAD > c¢L*/?¢.

PrROOF. Fix d = [2/€], and choose a large L € Z. Define

and noting that in fact
|



n,r € Z such that n > 0, 0 < r < d, and L = nd 4+ r. Define
L' = nd. By Theorem 22, there is a DYNAMIC STORAGE

ALLOCATION instance I with maximum job height d, L;(t) <

L' = dn for all t, and A = OPT — LOAD > n/2- /1221

12vd
Because n = £~ S , it follows that L;(t) < L for all ¢;
and because n > £ a0 1t follows that
_ 1/2-1/[d/2]
nl/2=1/1d/2] (%)
12vd 12vd
1 1\ 1/2-1/1d/2]
__ 1 (_) LL/2-1/Td/2]
12Vd

The claim follows by setting

1 1\ 1/2=1/1d/2]
T 12vd <ﬁ>

and noting that 1/[d/2] <e. N

COROLLARY 24. For any e > 0, there ezists a ¢’ > 0 such
that for all sufficiently large integers hmax, there is a Dy-
NAMIC STORAGE ALLOCATION instance with mazimum job
height hmax, mazimum load at most L, and OPT—LOAD >
¢ (hmax /L)'/?*€L, for infinitely many integers L.

PROOF. Given € > 0, define h = h(e) and ¢ > 0 so that
for all sufficiently large Lo, Corollary 23 yields a DyNAMIC
STORAGE ALLOCATION instance with maximum job height
h, maximum load at most Lo, and optimum makespan OPTy
> Lo + cLé/sz. Set ¢ = c/h1/2+6. For all integers L
and hmax such that L and L/hmayx are sufficiently large and
hmax/h and L/(hmax/h) are integral, set Lo = L/(hmax/h).
Now scale up the instance by Amax/h. The new optimum
makespan is OPT = (hmax/h)OPTy. The new load is at
most Lohmax/h = L, and

OPT = (huax/h) OPT
> (hmax/h) (Lo + cLy/*™%)
=L + (hmax/h)cLy >

= L(1 + (hmax/(hL))cLy/ ™)
=L+ (h max/(hL))C(hL/’hnax)1/2 ‘)
= L(1 4 (¢/h*/* ) (humax/L)/**%)
= L(1 + ¢ (hmax/D)/?T). W
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APPENDIX

A. DYNAMIC PROGRAMMING DETAILS

THEOREM 10. The optimal makespan can be determined
in O(poly(n)(3L)*"*) time.

PROOF. First, using the fact that OPT < 3L [4], guess
the optimal makespan M*. Build an array T with, for each
x, an entry for each feasible placement C, of tasks that cross
the vertical line at . Now define T'[C.] to be 0-1, with
T[C.] =1 if and only if the set of tasks that intersect [0, z)
can be placed using height at most M™ with a placement
that respects C». We have T'[C;] = 1 if and only if there
is a Cz—1 = 1 such that Cp_; is compatible with C; and
T[Cr—1] =1.

There are 3L possibilities for M ™. There are 2n possibili-
ties for x. For each =z, there are (M*)* < (3L)* configura-
tions C,. Computing T[C.] takes time at most (3L)*. The
overall time bound is thus

O((3L)(3L)*(3L)"poly(n)),
which is O(poly(n)(3L)*:t1). =

THEOREM 12. Let C be a positive real and let « = a(n)
be a positive function of n such that for all sufficiently large
n, a(n) > lglgn/(Clgn). There is a PTAS for the special
case of DYNAMIC STORAGE ALLOCATION in which hmin/L >
a(n).

Proor. Given C, a, and € > 0, apply the dynamic pro-
gram in the proof of Theorem 10 to the same jobs, except
with height h replaced by [h/(ea(n)L)]. Let L' be the
load in the new problem. If there were no ceiling in the
definition of the new heights, the load in the new prob-
lem would be L/(ea(n)L) = 1/(ex(n)). Since each orig-
inal height h satisfies h/(ea(n)L) > 1/e, the ceiling in-
troduces an additional factor of at most 1 + e. It follows
that L' < (14 ¢€)/(ea(n)) < (2C/e)lgn/lglgn, if n is large
enough and € < 1. The new problem can be solved exactly
in polynomial time by Corollary 11. W



